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Introduction

Let A be an n x n symmetric matrix with eigenvalue decomposition
A= QAQT, where A = diag(A1, ..., \,).

Given a scalar function f, we can define the matrix function f(A) as
F(A) = QF(NQT,  f(A) =diag(f(\), ..., F(\n)).
Example. The matrix exponential e” can be defined as
A — P
e’ = Pk

k=1

Many algorithms for computing or approximating f(A) use
polynomial or rational approximations of f.
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Polynomial approximation

Given a compact set K C C and a continuous function f : K — C,
we define the uniform norm

fllk = f .
£l = ma ()

Denote by P, the set of polynomials of degree at most n with real
coefficients.

Best uniform polynomial approximation

Find the polynomial p, € P, that minimizes the uniform norm
error Ep(f) := ||f — pnl|k, that is

pn := argmin||f — p||k.
PEPh
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Equioscillation theorem

We focus on the case K = [a, b] C R, where the best polynomial
approximation can be characterized as follows.

Theorem (equioscillation)

Let f be continuous on [a, b]. A polynomial p, € P, is the unique
best uniform approximation to f on [a, b] if and only if there exist
n 4+ 2 points

a§X0<X1<"'<Xn+1Sb

such that

f(x;)) — pn(x;)) = (1)’ En(f), i=0,....,n+1.
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Example — Polynomial approximation of e*

Best uniform polynomial approximations to exp(x) on [-4, 4]
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Example — Polynomial approximation of e*

illation of minif error for poly ial approximati to exp(x) on [-4,4]

Error f(x) - p (x)
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Example — Polynomial approximation of e*

C g of best polynomial approximation to exp(x) on [-4,4]
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Bernstein’s theorem

By shifting and scaling the interval [a, b], we can focus on the case
[a, b] = [—1, 1] without losing generality.

Denote by &£, the Bernstein ellipse with foci at £1 and sum of
half axes equal to p > 1, and assume that f is analytic inside and

on &,.

Theorem (Bernstein)
If |f(z)] < M for all z € &,, then the best polynomial

approximation error for f on [—1, 1] satisfies

2M p="
1

En(f) = pmei;; 1f = palli-1,y <
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Bernstein’s theorem

e The convergence is exponential: E,(f) = O(p™").

e The rate depends on how large is the region where f is
analytic around [—1,1].

e The parameter p measures the distance of the nearest
singularity of f to [—1,1].

e Shift and scale the Bernstein ellipse &, to get result for
different intervals [a, b].

e With entire functions such as ¢* we can take p — oo and we
get superexponential convergence.
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Example — Bernstein’'s bound for e*

Bernstein ellipse theorem for exp(x) on [-1,1]
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Example — Bernstein’s bound for 1/(1 + x?)

Bernstein ellipse theorem for 1/(1 4 2?) on [-1,1]
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Polynomial approximation — C* functions

If the function f is not analytic, the convergence rate becomes
algebraic in the polynomial degree n, instead of exponential.

Theorem (Jackson)

Let f € CK([—1,1]) with k > 1 and assume that (%) is a-Hdlder.
Then
En(f) = min ||f — pull_1 < Cn™*7,
(f) prfe'{;n” p ||[ 1,1 = 6n
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Polynomial approximation — Continuous functions

Theorem (Jackson)

Assume that f is continuous on [—1, 1] with modulus of
continuity w, that is

FO) —fWI <w(lx—yl)  forx,y €[-1,1].

Then

En(f) = min [|f — pall[-17) < Cw(n™")

min
Pn€EPn
In particular, if f is a-Holder we have

En(f) = pn']elg ||f — an[_l’l] < Cn ¢
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Example — Polynomial approximation of C* functions

gebrai gence of best polynomial app
:

Best approximation error ||f — palle

107 !
10° 10' 102
Polynomial degree n
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Polynomial approximation — Recap

Convergence of best polynomial approximation p, of f on [—1,1] in
terms of n = deg p:

e superexponential convergence if f is entire

e exponential convergence if f is analytic: O(p~") if f is
analytic on the ellipse &,

e slow algebraic convergence if f € CK([-1,1]): O(n=*71)
provided that £(K) is Lipschitz

e even slower sublinear convergence if f is a-Holder: O(n™?)

The results can be extended to a general interval [a, b] by shifting
and scaling.

Fast convergence for analytic functions, quite slow otherwise.
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Rational approximation

Denote by R » the set of rational functions r = p/q, where p and
q are polynomials with degp < m and deg g < n.

Best uniform rational approximation

Given a compact set K C C, find the rational function

fm,n € Rm,n that minimizes the uniform norm error ||f — rp 5|k,
that is

m,n = argmin||f — r| k.
rERm,n

Rational approximations often achieve much smaller errors with
comparable degrees when f has poles or branch cuts near K.
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Equioscillation theorem

We focus on the case K = [a, b] C R. Assume that p and ¢ do not
have a common divisor, and degp = m; < m, degq = n; < n.

Theorem (equioscillation)

A rational function r = p/q € R, is the unique best uniform
approximation to f on [a, b] if and only if there exist ¢ equioscillation
points

a<x1<x<---<x<b

such that

F(xi) = r(x) = (=1)'[If —r|

[2,b]> =100,

with £ = m+ n+2 —§, where 6 = min{m — my,n— n1}.
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Example — Equioscillation for rational approximation

Equioscillation for rational approximations of exp(x) on [-1,1]
Type (1,1) S 10 Type (2,2)

Error f(x) - r(x)
Error f(x) - r(x)
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Rational approximation of |x|

Recall that min,ep, ||[x| — p(x)|| = O(n™1): very slow convergence.
Rational functions have much faster convergence.

Theorem (Newman, Vjacheslavov)

The following estimate holds with an absolute constant c:
e ™Vl < min |||x| - rll-1,1 < ce ™" n>>5.
r€Rn,n ’
Comparison:

e polynomial of degree 1000: error of order ~ 10~3

e rational function of type (40,40): error of order ~ 10~°
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Example — Rational approximation of |x|

Rational approximation of |x| on [-1,1]
T T T

Best uniform error
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Rational approximation of sign(x)

Zolotarev’s fourth problem
Given 0 < k < 1, find the best rational approximation r, € R, »
of the sign function on [-1, —x] U [k, 1].

The solution of this problem is known explicitly in terms of elliptic
functions. In particular, we have

Ra(sign(x)) = O(e~ "/ g1/,
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Example — Rational approximation of sign(x)

best R“ approximant to sign on [-3,-1] U [1, 3] 102
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Rational approximation of /x

The optimal approximation to the sign function on [-1, —x] U [k, 1]
is always odd.

For n=2m+1, we can write nmy1(x) = x5m(x2) with s, € Rim-
Letting x = ,/y with y € [k, 1], we then have
Isign(x) = xsm(X)[-1,-xjupe1] = 111 = V¥5m(¥)ll2.17:

so we also have an explicit expression for a quasi-optimal rational
approximation to the square root function.
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Approximation of e * on [0, +0)

Let

An = rel%t,n”e - r(X)H[O,+oo)‘

Theorem (Carpenter, Rutan, Varga)
The following limit holds:

n 1
[im )\1/ —

n—00 9.28

This means that with a rational function of type (n, n) we get an
error roughly of order 10~" on the entire positive real line [0, 4+00).
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Rational approximation — Recap

Summary. Rational approximation converges much faster than
polynomial approximation especially for functions with singularities
and discontinuities.

e |x| on [~1,1] : error O(e~V™), explicit expression for a
quasi-optimal approximant

e sign(x) on [—1, —x] U [x, 1]: error O(e~<"/18(1/x)) explicit
expression of best approximation in terms of elliptic functions

e /x on [0,1]: explicit expression for quasi-optimal approximant
can be obtained from best approximation of sign(x)

e e X on [0,400): error 0(9.287")
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Matrix functions — Definition

e If A is diagonalizable we have A = XAX~1 with A = diag()\;), and
we can define

f(A) = XF(N)X 1, f(N) = diag(f(\7))-

e For general A, we can define f(A) via Jordan canonical form (not
suitable for computation).

e If f is analytic around A(A), we can define

F(A) = % /r F(2)(zl — A)Ldz,

where [ is a simple curve that encloses A(A).
e For diagonalizable A, if p(\;) = f(\;), then f(A) = p(A).
So a matrix function f(A) can always be written as a polynomial

p(A), but p depends on A.
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Computation of f(A)

e Diagonalize A = XAX~! and compute f(A) = Xf(A)X L.

e Compute Schur form A = QTQ7 with orthogonal @ and
triangular T, and exploit Tf(T) = f(T)T to compute f(T).

e Algorithms for specific functions, such as
scaling-and-squaring for e”.
For A € R™" all these methods have computational cost O(n?)

and storage cost O(n?), which can be unfeasible if n>> 1.

Fortunately, often we only need to compute the product (A)b for
a given vector b € R”".

Igor Simunec (EPFL) Krylov methods for matrix functions: polynomial vs. rational 31 /51



Example — Matrix exponential

Consider the differential equation
x(t) = Ax(t), x(0) = xo € R".
The solution can be obtained explicitly as
x(t) = e”xo.

This expression is in the form f(A)b with f(z) = e®*, so by using
Krylov subspace methods we can approximate it W|thout
computing the whole f(A).
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Polynomial Krylov subspaces

Definition
The polynomial Krylov subspace of dimension m generated by the

matrix A and the vector b is defined as

Km(A, b) = span{b, Ab, A’b, ..., A" 1 b}.

We can construct an orthonormal basis Qn, of (A, b) iteratively
with the Arnoldi algorithm, which also generates an m x m upper
Hessenberg matrix H, such that

AQm = QmHm + qm+1hm+1,meL = Qm—i—lﬂm

The Krylov subspace K,(A, b) is used in iterative methods for
linear systems (CG, FOM, GMRES) and eigenvalue problems.
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Connection to linear systems

e FOM. Compute approximate solution x,, € Kp,(A, b) such
that rpy = Axm — b L Kin(A b)) = xm = ||b||QmH,, e

e CG. Equivalent to FOM, specific for symmetric positive
definite A. Solution can be obtained with short recurrences,
no need to store @,,. Minimizes ||x, — x|[4 := (xT Ax)/2 on
Km(A, b).

Similarly to CG, if A is symmetric then the Hessenberg matrix H,
is tridiagonal, and the Arnoldi algorithm reduces to the Lanczos
algorithm which exploits a three-term recurrence to build Q.

Reminder. If A is symmetric, then H,, = Q,,T,AQ,,, is also
symmetric and upper Hessenberg — H,, is tridiagonal.
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Polynomial Krylov approximation to f(A)b

We can approximate f(A)b by projecting onto Kp,(A, b):

f(A)b ~ = Quf(Hm)e1|b|2.

e Reduces to FOM approximation when f(z) = z71.

e Approximation is exact on polynomials of degree up to
m — 1. For example, if m > 1 and if f(z) = z we have

Ab = AQnei1|bllz = (QmHm + qp.re])er bl
= QmHmeleHZ = fm'

Exactness for f(z) = z' can be similarly proved by induction.

In the following we assume ||b||2 = 1 to simplify notation.

Igor Simunec (EPFL) Krylov methods for matrix functions: polynomial vs. rational 35 /51



Connection to scalar polynomial approximation

Polynomial Krylov error bound
Assume that A is symmetric with A(A) C [a, b]. Then

f(AYDb — f | < i f— f—
[£(A)b 2 < per;;T_l (IIf = pliacay + If = plia(Hm))

<2 min ||f -
<2 min [|f = pllfa,

e the first bound is not directly useful, since A(A) is usually unknown

e with an estimate of the spectral interval [a, b], we can predict the
(worst-case) convergence rate of polynomial Krylov methods

e convergence may be much faster for certain spectral

distributions, e.g. if A has clustered eigenvalues
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Proof of polynomial Krylov error bound

Consider a polynomial p with degp < m — 1. Then, since the Krylov
approximation f,, is exact on polynomials, we have

F(AYb — fpp = F(A)b — p(A)b + Qump(Hm)er — Qmf (Hm)e:
= (f(A) = p(A)b + Qm(f(Hm) — p(Hm))e1.

If Ais symmetric, H,, = Q,ZAQ,77 is also symmetric and we have

1£(A) = p(A)|l2 = max |f(A) = p(A)l

AEA(A)
[f(Hm) = p(Hm)ll2 = x| [£(A) = p(N)I.
Hence, taking norms and minimizing over p, we get

£~ Fall2 < min (IF = placa) + I = placi)

<2 min [|f -
<2 min [f = pllfa
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Example — Polynomial Krylov for e”b

A is a symmetric matrix with spectrum in [1073,10].

Polynomial Krylov convergence for eb
T T

10°

Relative error
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Example — Polynomial Krylov for AY/?b

A is a symmetric matrix with spectrum in [1072,10?] with different
spectral distributions.

Polynomial Krylov convergence for AY/2b
T T T

T T
logspace
linspace

Relative error
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1012

1014 . . . . .
50 100 150 200 250 300 350 400 450 500
Krylov subspace dimension m
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Example — Polynomial Krylov for AY/?b

A is a symmetric matrix with spectrum in [10712, 1] with different

spectral distributions.

Polynomial Krylov convergence for AY/2b
T T T T T T

102

Relative error
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1014 L L L L L L L L L
0 50 100 150 200 250 300 350 400 450 500

Krylov subspace dimension m
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Rational Krylov subspaces
Definition

The rational Krylov subspace of dimension m generated by A and
b with poles & = {&1,...,&m—1} is defined as

Om(A, b) = span{b, (A — &)~ ri'[ (A—¢1)7tb}.

e An orthonormal basis @, can be constructed iteratively with the
rational Arnoldi algorithm

e Each iteration requires solution of a shifted linear system
(A=ghx=w
e We have the rational Arnoldi relation

AQm+1Km = Qm+1ﬂm

with H,,, K,, upper Hessenberg (m + 1) x m matrices
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Rational Krylov approximation to f(A)b

We can approximate f(A)b by projecting onto Q,(A, b):
f(A)b ~ fm = me(Am)el, Am = QrZy—AQm

e Reduces to polynomial Krylov if all poles in € are oo.
e Define gp,—1(2) = HJ";_ll(z — &j). The approximation is exact
on rational functions r = p/qp,—1, with degp < m — 1.
e Computational tricks can be used to compute A, without
forming it explicitly as A, = QL AQm
Rational Krylov error bound
If A'is symmetric with A(A) C [a, b], then

IF(AYb = fmll2 <2_min | = p/dm-1 s
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Rational Krylov — Convergence

e The convergence of the rational Krylov approximation is
directly linked to rational approximation of f on [a, b] with
rational functions with fixed denominator
gm-1(2) = [1}55 (2 = &)

e Hence the choice of poles £ is fundamental to ensure a fast
convergence rate

e If poles of an optimal or quasi-optimal rational approximation
to f are known, convergence is much faster than polynomial
Krylov, often 10-20 iterations even for functions with low
regularity
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Simple rational Krylov variants

With restrictions to the poles &, we get some particular cases of
rational Krylov methods:

e Shift-and-invert: use a single repeated pole &
e equivalent to K,((A —£1)71, b)
e a factorization of A — &/ can be computed and stored to solve
multiple linear systems faster
e Extended Krylov: alternate poles at 0 and oo

e each iteration requires a matrix-vector product or linear system
solve with A

e a factorization of A can be computed and stored to solve
multiple linear systems faster
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Example — Rational Krylov approximation of A/?b

Relative error
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Rational Krylov convergence for f(A)b, f(z) = /&
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Pole selection ideas

e Use poles of a quasi-optimal rational approximation to f
on [a, b], if available

e Use quadrature formulas to obtain rational approximations

to f if it has an integral representation

e Poles should be close to where f is hard to approximate, e.g.
singularities or branch cuts

e There are adaptive strategies to choose the next pole in each
iteration using the computed rational Arnoldi decomposition

e A priori pole selection strategies require an estimate of [a, b]:
when this is not available, an approximation can be obtained

with some iterations of polynomial Arnoldi
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Computational cost comparison

Polynomial Krylov.

e m iterations require m matvecs with A and orthogonalization:
e symmetric A: O(mnnz(A) 4+ nm), short recurrence can lose
orthogonality numerically
e nonsymmetric A: O(mnnz(A) + nm?)
e With nonsymmetric A, orthogonalization costs become
dominant if m is large. Alternatives:
e Restarting (less orthogonalization and storage costs, but slower
convergence, more difficult to analyze)
e Incomplete orthogonalization, randomized methods (can be
numerically unstable)

e Slow convergence for functions with low regularity, so storage
and orthogonalization costs can become prohibitive if n > 1
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Computational cost comparison

Rational Krylov.

e Each iteration requires a linear system solve (A — §jl/)x = v.
Solution strategies:

e Direct solvers (e.g., sparse LU): one-time factorization cost +
O(n?) for each solve with a repeated pole. Cost of
factorization depends on the sparsity pattern of A, can be
O(n3) in the worst case

e lterative solvers: use (preconditioned) CG or GMRES for each
linear system solve, can be fast with a good preconditioner

e With good pole selection, convergence is very fast and
orthogonalization costs are small

e For nonsymmetric A, finding good poles is more difficult (e.g.,
requires approximation of f on field of values of A)
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Error bounds and estimates

When solving linear systems, the residual Ax,, — b is easy to
compute and provides a simple stopping criterion.

With matrix functions there is no straightforward concept of
residual, so error bounds and estimates are fundamental to have
reliable stopping criteria:

e Consecutive difference ||[f(A)b — f |2 =~ ||[fmid — Fml|2 for
small d: simple to compute, often works well in practice but it
can underestimate the actual error if convergence stagnates

e A posteriori error bounds can be obtained by using integral
representations of f, such as Cauchy integral formula for
analytic functions
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Software

Software recommendations for simple numerical tests:

e chebfun: MATLAB toolbox for polynomial and rational
approximation of scalar functions

e rktoolbox: MATLAB toolbox for rational Krylov methods
(and others) for matrix functions

Igor Simunec (EPFL) Krylov methods for matrix functions: polynomial vs. rational 50 / 51



Thank you!

contact: igor.simunec@epfl.ch
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