
UNIVERSITÀ DEGLI STUDI DI PADOVA

DEPARTMENT OF MATHEMATICS “TULLIO LEVI-CIVITA”

Nematic Bubbles
SILVIA PAPARINI

silvia.paparini@unipd.it

JOINT WORK WITH Gaetano Napoli1

01/04/2025

PISAN YOUNG SEMINARS IN APPLIED AND

NUMERICAL MATHEMATICS

1Dipartimento di Matematica e Applicazioni Renato Caccioppoli, Università degli Studi di Napoli Federico II, Napoli,
Italy.

1



Nematic Liquid Crystals (LCs)

These systems flow like liquids while retaining an orientational order. This local
alignment is described by a macroscopic unit vector field, the director field n.

Their degree of orientation is represented by the scalar order parameter q ∈ [0, 1].

▷ Head-tail symmetry: n ↔ −n.

▷ Spatial distortions of n are measured by
∇n. It becomes singular at topological
defects.

▷ Ground state of nematics: uniform
director field (∇n = 0).

▷ q = 0 when the material is isotropic (no
preferred orientation exists). rod-like molecules: 5 Å by 20 Å.

q = 1 q ∈ (0, 1) q = 0

The nematic phase can be induced in a
mesogenic substance by changing its

temperature.
This corresponds to a change in q.
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Thin Nematic Shells

Thin layers of nematic liquid crystal confined to a closed, curved surface.

The geometry induces a distortion in the molecular
orientation and, for sufficiently thin shells, forces the

director field n to lie tangent to the surface
(e.g., n coating a spherical colloidal droplet with

radius R ∼ 50µm and thickness ∼ 1µm) T. Lopez-Leon et al,

Nature Physics, 2011

Hairy ball theorem:

there is no nonvanishing continuous
tangent vector field on a sphere.

Unavoidable defects arise when nematic
order is established on a surface with a

spherical topology.
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Defects in n are classified by their topological charge m, defined as the winding
number of n on the tangent plane of the defect.

Example of topological charge in the plane

n = coswer + sinweϑ, w = w(ϑ) = (m− 1)ϑ+ ϑ0

(er, eϑ, ez) standard cylindrical frame, ϑ0: phase

q = +
1

2
, ϑ0 =

π

3
q = −

1

2
, ϑ0 =

π

3
q = +1, ϑ0 =

π
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By the Poincaré-Hopf theorem: Any tangent vector field on a sphere, or any surface
topologically equivalent to it, must have a total topological charge equal to +2.
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Topological Defects in Hydra Morphogenesis

In Hydra ectoderm, actin fibers form a nematic
phase.

Topological defects in the nematic order acts as
organizing centers in morphogenesis,
enabling organism to grow protrusions or

deplete material to relive stress.

▷ +1 defects: Stable organizers located at the head (mouth), foot, and tentacle
tips.

▷ +1/2 defects: Transient, mobile structures during early regeneration. They
migrate and merge at specific sites (often the foot) to form stable +1 organizers.

▷ −1/2 defects: Localized at saddle-shaped regions, namely the tentacle bases,
to perfectly balance the +1 charge of the tips.
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Stantard Uniaxial Regeneration

Early stages following the excision of a fragment of Hydra:

1. Excision and Folding: The inherited nematic arrangement of actin fibres is lost
within hours as the tissue folds into a closed spheroid.

2. Induction of Order: Actin fibres realign, but the closed geometry imposes
topological constraints, necessarily generating defects.

3. Structural Memory: This induction of order confers a structural memory of the
original body axis orientation at the earliest regeneration stages.

4. Emergence of Morphological Features: Two +1 defects emerge at the forming
mouth and foot. The apical defect dictates tissue rupture (mouth formation),
while the basal region remains closed.
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Nematic Bubbles

To investigate the molecular origin of muscle fibre alignment and its interplay with the
mechanics of a deformable surface during Hydra regeneration . . .

Biological System

Excised tissue folding into a closed
spheroid, with consequent induction

of order into the nematic fibers.

⇐⇒
Mathematical model:

Nematic Bubble

Deformable surface coated with a
nematic liquid crystal tangent to the

surface

Modelling the Mechanism:

Isotropic shell
Cooling−−−−−−−→ Nematic ordering

Symmetry breaking−−−−−−−−−−−−−−→ Shape deformation.

Cooling mimics the natural induction of nematic order in the muscle fibres.
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Model and energy landscape

We model the nematic bubble as a regular closed surface S

(topologically equivalent to a sphere), equipped with an outward unit normal ν.

W [S] = γ area(S)− µ(vol(S)− V0)︸ ︷︷ ︸
Classical soap bubble

+

∫
S
ρwn dA︸ ︷︷ ︸

Nematic Contribution

γ > 0: surface tension, V0: fixed enclosed volume,

µ: Lagrange multiplier (associated with the volume constraint)

ρ: mass density, wn: nematic distortion energy density (per unit mass)

Classical Soap Bubble: Equilibrium is governed by the Young-Laplace law.

This law balances the pressure difference
µ = Pin − Pout and surface tension γ for a

spherical bubble of radius r0.

µ =
2γ

r0
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Nematic contribution

wn = wnem + wLdG

Lexicon:
G.N. and L. Vergori, Phys. Rev. E

85,061701 (2012)

∇sq = P∇q, ∇sn = (∇n)P, (surface gradients)

P = I− ν ⊗ ν (orthogonal projector over the local tangent plane)

∇ (3D gradient of the extended field)

L = −∇sν (extrinsic curvature tensor).

Nematic distortion energy density

wnem =
k

2

1

2
|∇sq|2 + 2q2|∇sn|2︸ ︷︷ ︸

(1)

−2q2 |Ln|2︸ ︷︷ ︸
(2)

+2q

(
|Ln|2 −

1

2
tr(L2)

)
︸ ︷︷ ︸

(3)

+
(q2 + 1)

2
|L|2︸︷︷︸
(4)


(1) energetic cost

associated to
non-uniform states.

(2) favors the alignment
of n with the principal
directions of surface

curvature.

(3) = 2Hς

where H is the
mean curvature, and
ς is the asphericity.

(4) Form of curvature elasticity
imparted to the surface by n, arising
from the constraint that the field must

remain tangent.

Note: (4) does not vanish even when the nematic is in the isotropic phase.

9



Landau-de Gennes energy density

wLdG =
a

2
q2 +

c

4
q4 (1)

a = a0
T − TNI

TNI
(a0, c > 0 constants)

TNI: Nematic-isotropic transition temperature

Isotropic Phase
(T ≥ TNI =⇒ a ≥ 0)

Single convex well
Minimum at q = 0

Isotropic state

Nematic Phase
(T < TNI =⇒ a < 0)

Double well potential
Minima at qeq = ±

√
−a/c

Emergence of nematic order.
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